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Abstract
In this paper, we study the following biharmonic equations with mixed nonlinearity:
2u –u + V(x)u = f (x,u) + λξ (x)|u|p–2u, x ∈RN , u ∈ H2(RN), where V ∈ C(RN),
ξ ∈ L 22–p (RN), 1≤ p < 2, and λ > 0 is a parameter. The existence of multiple solutions is
obtained via variational methods. Some recent results are improved and extended.
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1 Introduction andmain result
This paper is concerned with the following biharmonic equations:
{
u –u +V (x)u = f (x,u) + λξ (x)|u|p–u, x ∈RN ,
u ∈H(RN ), ()
where  := () is the biharmonic operator, V ∈ C(RN ), f ∈ C(RN ×R), ξ ∈ L –p (RN ),
λ > , and  ≤ p < . There are many results for biharmonic equations, but most of them
are on bounded domains; see [–]. In addition, biharmonic equations on unbounded
domains also have captured a lot of interest; see [–] and the references therein. Many
of these papers are devoted to the study of the existence and multiplicity of solutions for
problem (). In [, , , ], the authors considered the superlinear case; one considered the
sublinear case in [–]. However, there are notmanyworks focused on the asymptotically
linear case. Motivated by the above facts, in the present paper, we shall study problem
() with mixed nonlinearity, that is, a combination of superlinear and sublinear terms,
or asymptotically linear and sublinear terms. So, the aim of the present paper is to unify
and generalize the results of the above papers to a more general case. To the best of our
knowledge, there have been no works concerning this case up to now, hence this is an
interesting and new research problem. For related results, we refer the readers to [–]
and the references therein.
More precisely, we make the following assumptions:
(V) V ∈ C(RN ,R) and infRN V (x) > , and there exists a constant l >  such that
lim|y|→∞ meas
({
x ∈RN : |x – y| ≤ l,V (x)≤M
})
= , ∀M > ,
where meas(·) denotes the Lebesgue measure in RN ;
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(F) f (x,u) ∈ C(RN ×R,R), such that f (x,u)≡  for all u <  and x ∈RN . Moreover, there








uk ≥ b(x) for all u >  and x ∈R
N ,
where γ, γ are deﬁned in ();







uk = q(x) uniformly in x ∈R
N ;
(F) there exist two constants θ , d satisfying θ >  and ≤ d < θ–θγ  γ  such that
F(x,u) – 
θ
f (x,u)u≤ du for all u >  and x ∈RN ,
where F(x,u) =
∫ u
 f (x, s)ds.
Before stating our result, we denote ξ± = max{±ξ , }. The main result of this paper is
the following theorem.
Theorem . Suppose that (V), (F)-(F) are satisﬁed. ξ ∈ L

–p (RN ) \ {} with ξ+ 	≡ . In
addition, for any real number k ≥ :




(|u| + |∇u| +V (x)|u|)dx ∣∣∣ u ∈H(RN),∫
RN
q(x)u dx = 
}
, ()
then there exists  >  such that, for every  < λ < , problem () has at least two
solutions;
(I) If k > , then there exists  >  such that, for every  < λ <, problem () has at least
two solutions.
Remark . It is easy to check that f (x,u) is asymptotically linear at inﬁnity in uwhen k = 
and f (x,u) is superlinear at inﬁnity in u when k > . Together with λ >  and ≤ q < , we
see easily that our nonlinearity is amore generalmixed nonlinearity, that is, a combination
of sublinear, superlinear, and asymptotically linear terms. Therefore, our result uniﬁes and
sharply improves some recent results.
2 Variational setting and proof of themain result
Now we establish the variational setting for our problem (). Let
E =
{
u ∈H(RN) : ∫
RN
(|u| + |∇u| +V (x)|u|)dx < +∞},
Liu Boundary Value Problems 2014, 2014:238 Page 3 of 7
http://www.boundaryvalueproblems.com/content/2014/1/238










(|u| + |∇u| +V (x)|u|)dx)  , u ∈ E.
Lemma . ([]) Under assumptions (V), the embedding E ↪→ Ls(RN ) is compact for any
s ∈ [, ∗), where ∗ = NN– if N ≥ , ∗ =∞ if N < .
Clearly, E is continuously embedded intoH(RN ) and fromLemma ., there exist γs > 
and γ >  such that
‖u‖s ≤ γs‖u‖H(RN ) ≤ γsγ‖u‖, ∀u ∈ E, ≤ s < ∗. ()









ξ (x)|u|p dx. ()
















for all u, v ∈ E.
Lemma . μ∗ > , and this is achieved by some φ ∈ H(RN ) with
∫
RN qφ dx = , where
μ∗ is given in ().
Proof By Lemma . and standard arguments, it is easy to prove this lemma, so we omit
the proof here. 
Next, we give a useful theorem. It is the variant version of the mountain pass theorem,
which allows us to ﬁnd a (C)c sequence.
Theorem . ([]) Let E be a real Banach space, with dual space E∗, and suppose that




} ≤ μ < η ≤ inf‖u‖=ρ 	(u),
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where  = {β ∈ C([, ],E) : β() = ,β() = e} is the set of continuous paths joining  and e,
then there exists a sequence {un} ⊂ E such that
	(un)→ cˆ≥ η and
(
 + ‖un‖
)∥∥	′(un)∥∥E∗ →  as n→ ∞.
Lemma . For any real number k ≥ , assume that (F) and (F) are satisﬁed, and ξ ∈
L

–p (RN ) \ {} with ξ+ 	≡ . Then there exists  >  such that, for every λ ∈ (,), there
exist two positive constants ρ , η such that 	(u)|‖u‖=ρ ≥ η > .
Proof For any ε > , it follows from the conditions (F) and (F) that there exist Cε >  and
max{,k} < r < ∗ such that
F(x,u)≤ |b|∞ + ε |u|
 + Cεr |u|
r , for all u ∈ E. ()
Thus, from (), (), and the Sobolev inequality, we have, for all u ∈ E,
∫
RN
F(x,u)dx≤ |b|∞ + ε
∫
RN



























































Take ε = γ  γ  – |b|∞ and deﬁne







t–p, for t ≥ .
It is easy to prove that there exists ρ >  such that
max
t≥ g(t) = g(ρ) =
r – 
(r – p)
[ ( – p)r




Then it follows from () that there exists  >  such that, for every λ ∈ (,), there
exists η >  such that 	(u)|‖u‖=ρ ≥ η. 
Lemma . For any real number k ≥ , assume that (F), (F) are satisﬁed, and ξ ∈
L

–p (RN ) \ {} with ξ+ 	≡ . Let ρ, >  be as in Lemma .. Then we have the following
results:
(i) If k =  and μ∗ < , then there exists e ∈ E with ‖e‖ > ρ such that 	(e) <  for all
λ ∈ (,);
(ii) if k > , then there exists e ∈ E with ‖e‖ > ρ such that 	(e) <  for all λ ∈ (,).
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Proof (i) In the case k = , since μ∗ < , we can choose a nonnegative function ϕ ∈ E with
∫
RN
q(x)ϕ dx =  such that
∫
RN
(|ϕ| + |∇ϕ| +V (x)|ϕ|)dx < .
























q(x)ϕ dx = 
(‖ϕ‖ – ) < .
So, if 	(tϕ)→ –∞ as t → +∞, then there exists e ∈ E with ‖e‖ > ρ such that 	(e) < .
(ii) In the case k > , since q ∈ L∞(RN ,R+) with q+ 	≡ , we can choose a nonnegative
function ω ∈ E such that ∫



















≤ – k + 
∫
RN
q(x)ωk+ dx < .
So, if 	(tω) → –∞ as t → +∞, then there exists e ∈ E with ‖e‖ > ρ such that 	(e) < .








where  = {β ∈ C([, ],E) : β() = ,β() = e}. Then by Theorem . and Lemmas .
and ., there exists a sequence {un} ⊂ E such that
	(un)→ α >  and
(
 + ‖un‖
)∥∥	′(un)∥∥E∗ →  as n→ ∞. ()
Lemma . For any real number k ≥ , assume that (V) and (F)-(F) are satisﬁed, and
ξ ∈ L –p (RN ) \ {} with ξ+ 	≡ . Let  >  be as in Lemma .. Then {un} deﬁned by () is
bounded in E for all λ ∈ (,).
Proof For n large enough, from (F), (), the Hölder inequality, and Lemma ., we have



































pθ ‖ξ‖ –p ‖un‖
p

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≥ θ – θ ‖un‖
 – dγ  γ  ‖un‖ –
λ(θ – p)γ p γ
p

















pθ ‖ξ‖ –p ‖un‖
p,
which implies that {un} is bounded in E since ≤ p < . 
Lemma . For any real number k ≥ , assume that (V) and (F)-(F) are satisﬁed, and
ξ ∈ L –p (RN ) \ {} with ξ+ 	≡ . Let  >  be as in Lemma .. Then for every λ ∈ (,),
there exists u ∈ E such that
	(u) = inf
{
	(u) : u ∈ B¯ρ
}
< 
and u is a nontrivial solution of problem ().
Proof Since ξ ∈ L –p (RN ) \ {} with ξ+ 	≡ , we can choose a function φ ∈ E such that
∫
RN
ξ (x)|φ|p dx > . ()





















ξ (x)|φ|p dx, for t >  small enough.
Hence, θ := inf{	(u) : u ∈ B¯ρ} < . By Ekeland’s variational principle, there exists a min-
imizing sequence {un} ⊂ B¯ρ such that 	(un) → θ and 	′(un) →  as n → ∞. Hence,
Lemma . implies that there exists u ∈ E such that 	′(u) =  and 	(u) = θ < . 
Proof of Theorem . From Lemmas . and ., there exists a constant u˜ ∈ E such that,
up to a subsequence,
un ⇀ u˜ in E, un → u˜ in Ls
(
R
N) for s ∈ [, ∗).
By using a standard procedure, we can prove that un → u˜ in E. Moreover,	(u˜) = α >  and
u˜ is another nontrivial solution of problem (). Therefore, combining with Lemma .,
we can prove that problem () has at least two nontrivial solutions u, u˜ ∈ E satisfying
	(u) <  and 	(u˜) > . 
Competing interests
The author declares that they have no competing interests.
Acknowledgements
The author thanks the referees and the editors for their helpful comments and suggestions.
Received: 16 August 2014 Accepted: 2 November 2014
Liu Boundary Value Problems 2014, 2014:238 Page 7 of 7
http://www.boundaryvalueproblems.com/content/2014/1/238
References
1. Alexiades, V, Elcrat, AR, Schaefer, PW: Existence theorems for some nonlinear fourth-order elliptic boundary value
problems. Nonlinear Anal. 4, 805-813 (1980)
2. An, Y, Liu, R: Existence of nontrivial solutions of an asymptotically linear fourth-order elliptic equation. Nonlinear Anal.
68, 3325-3331 (2008)
3. Ayed, MB, Hammami, M: On a fourth-order elliptic equation with critical nonlinearity in dimension six. Nonlinear
Anal. 64, 924-957 (2006)
4. Benalili, M: Multiplicity of solutions for a fourth-order elliptic equation with critical exponent on compact manifolds.
Appl. Math. Lett. 20, 232-237 (2007)
5. Yang, Y, Zhang, JH: Existence of solutions for some fourth-order nonlinear elliptical equations. J. Math. Anal. Appl.
351, 128-137 (2009)
6. Yin, YL, Wu, X: High energy solutions and nontrivial solutions for fourth-order elliptic equations. J. Math. Anal. Appl.
375, 699-705 (2011)
7. Liu, J, Chen, SX, Wu, X: Existence and multiplicity of solutions for a class of fourth-order elliptic equations in RN .
J. Math. Anal. Appl. 395, 608-615 (2012)
8. Ye, YW, Tang, CL: Inﬁnitely many solutions for fourth-order elliptic equations. J. Math. Anal. Appl. 394, 841-854 (2012)
9. Ye, YW, Tang, CL: Existence and multiplicity of solutions for fourth-order elliptic equations in RN . J. Math. Anal. Appl.
406, 335-351 (2013)
10. Zhang, W, Tang, XH, Zhang, J: Inﬁnitely many solutions for fourth-order elliptic equations with general potentials.
J. Math. Anal. Appl. 407, 359-368 (2013)
11. Zhang, W, Tang, XH, Zhang, J: Inﬁnitely many solutions for fourth-order elliptic equations with sign-changing
potential. Taiwan. J. Math. 18, 645-659 (2014)
12. Chen, P, Tang, XH: Existence and multiplicity results for inﬁnitely many solutions for Kirchhoﬀ-type problems in R3 .
Math. Methods Appl. Sci. 37, 1828-1837 (2014)
13. Sun, JT, Wu, TF: Two homoclinic solutions for a nonperiodic fourth order diﬀerential equation with a perturbation.
J. Math. Anal. Appl. 413, 622-632 (2014)
14. Zhang, J, Tang, XH, Zhang, W: Existence of inﬁnitely many solutions for a quasilinear elliptic equation. Appl. Math.
Lett. 37, 131-135 (2014)
15. Zou, WM, Schechter, M: Critical Point Theory and Its Applications. Springer, New York (2006)
16. Ekeland, I: Convexity Methods in Hamiltonian Mechanics. Springer, Berlin (1990)
doi:10.1186/s13661-014-0238-8
Cite this article as: Liu: Solutions of biharmonic equations with mixed nonlinearity. Boundary Value Problems 2014
2014:238.
